


ẋ = Ax+Bu

y = Cx+Du

u = κ(x)



1

u =

Kx

ẋ = Ax+BKx

x

2

˙̂x = Lx̂+My +Nu

L M N x̂ ∼ x

3

4





θ̈ + bθ̇ + cθ = du

x1 = θ

x2 = θ̇

ẋ1 = θ̇ = x2

ẋ2 = θ̈ = −bθ̇ − cθ + du

= −bx2 − cx1 + du

(
ẋ1

ẋ2

)
=

[
0 1

−c −b

](
x1

x2

)
+

[
0

d

]
u



θ̈ + bθ̇ + cθ = du

x1 = θ

x2 = θ̇

ẋ1 = θ̇ = x2

ẋ2 = θ̈ = −bθ̇ − cθ + du

= −bx2 − cx1 + du

(
ẋ1

ẋ2

)
=

[
0 1

−c −b

](
x1

x2

)
+

[
0

d

]
u







→

ẋ = Ax+Bu

y = Cx+Du

sX(s)− x(0) = AX(s) +BU(s)

X(s)

X(s) = (sI −A)−1BU(s) + (sI −A)−1x(0)

Y (s) = CX(s) +DU(s)

= (C(sI −A)−1B +D)U(s) + C(sI −A)−1x(0)

G(s) =
Y (s)
U(s)

= C(sI −A)−1B +D



→

ẋ = Ax+Bu

y = Cx+Du

sX(s)− x(0) = AX(s) +BU(s)

X(s)

X(s) = (sI −A)−1BU(s) + (sI −A)−1x(0)

Y (s) = CX(s) +DU(s)

= (C(sI −A)−1B +D)U(s) + C(sI −A)−1x(0)

G(s) =
Y (s)
U(s)

= C(sI −A)−1B +D



ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

y =
[
1 2

]
x

G(s) = C(sI −A)−1B +D

=
[
1 2

] [s+ 7 12

−1 s

]−1 [
1

0

]

=
1

(s+ 7)s+ 12

[
1 2

] [s −12
1 s+ 7

][
1

0

]

=
s+ 2

s2 + 7s+ 12



ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

y =
[
1 2

]
x

G(s) = C(sI −A)−1B +D

=
[
1 2

] [s+ 7 12

−1 s

]−1 [
1

0

]

=
1

(s+ 7)s+ 12

[
1 2

] [s −12
1 s+ 7

][
1

0

]

=
s+ 2

s2 + 7s+ 12



u

ẋ = Ax

x(0) = x0

p x(t) = eptx0

ẋ(t) = peptx0 = Ax(t) = Aeptx0

p

Ax0 = px0

p A

det(sI −A) = 0



u

ẋ = Ax

x(0) = x0

p x(t) = eptx0

ẋ(t) = peptx0 = Ax(t) = Aeptx0

p

Ax0 = px0

p A

det(sI −A) = 0



ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

det(sI −A) = 0

=

∣∣∣∣∣

[
s+ 7 12

−1 s

]∣∣∣∣∣

= (s+ 7)s+ 12 = s2 + 7s+ 12

p =
−7±

√
49− 4 · 12
2

= −4,−3

s+ 2
s2 + 7s+ 12

=
s+ 2

(s+ 4)(s+ 3)



ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

det(sI −A) = 0

=

∣∣∣∣∣

[
s+ 7 12

−1 s

]∣∣∣∣∣

= (s+ 7)s+ 12 = s2 + 7s+ 12

p =
−7±

√
49− 4 · 12
2

= −4,−3

s+ 2
s2 + 7s+ 12

=
s+ 2

(s+ 4)(s+ 3)



z u(t) = u0e
zt → y(t) = 0

u(t) = u0e
zt x(t) = x0e

zt

ẋ = zeztx0 = Aeztx0 +Bu0e
zt ⇔

[
zI −A −B

] [x0

u0

]
= 0

y = Cx+Du = Ceztx0 +Du0e
zt

[
zI −A −B

C D

][
x0

u0

]
=

[
0

0

]

det

[
zI −A −B

C D

]
= 0



ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

y =
[
1 2

]
x

det

[
zI −A −B

C D

]
= det

⎡

⎢⎣
z + 7 12 −1
−1 z 0

1 2 0

⎤

⎥⎦

= 2 + z

z = −2

G(s) =
s+ 2

s2 + 7s+ 12



ẋ =

[
−7 −12
1 0

]
x+

[
1

0

]
u

y =
[
1 2

]
x

det

[
zI −A −B

C D

]
= det

⎡

⎢⎣
z + 7 12 −1
−1 z 0

1 2 0

⎤

⎥⎦

= 2 + z

z = −2

G(s) =
s+ 2

s2 + 7s+ 12





ẋ = Ax+Bu

y = Cx+Du
==

˙̄x = Āx̄+ B̄u

y = C̄x̄+ D̄u

←

←

←



G(s) =
Y (s)
U(s)

=
s+ 2

s2 + 7s+ 12

x2

Y (s)
U(s)

= Y (s)
X2(s)

· X2(s)
U(s)

= s+ 2
1

· 1
s2 + 7s+ 12

x2



→

X2(s)
U(s)

=
1

s2 + 7s+ 12

x2 u

u = ẍ2 + 7ẋ2 + 12x2

ẋ2 = x1

x1

ẋ1 = u− 7x1 + 12x2

ẋ1 = u− 7x1 + 12x2

ẋ2 = x1



→

Y (s)
X2(s)

=
s+ 2
1

y = ẋ2 + x2 = x1 + x2

ẋ2 = x1

(
ẋ1

ẋ2

)
=

[
−7 12

1 0

]
+

[
1

0

]
u

y =
[
1 1

](x1

x2

)



G(s) =
Y (s)
U(s)

=
b1s

n−1 + · · ·+ bn−1s+ bn
sn + a1sn−1 + · · ·+ an−1s+ an

A =

⎡

⎢⎢⎢⎢⎢⎢⎣

−a1 −a2 . . . . . . −an

1 0 . . . . . . 0

0 1 0 . . . 0

0

0 0 . . . 1 0

⎤

⎥⎥⎥⎥⎥⎥⎦
B =

⎡

⎢⎢⎢⎢⎢⎢⎣

1

0

0

0

⎤

⎥⎥⎥⎥⎥⎥⎦

C =
[
b1 b2 . . . . . . bn

]
D = 0

b0
n n− 1 C

D



U
1
s

1
s

2 Y

−7

−12

1

+ ẋ1 x1 ẋ2 x2

++
+

+

+

G(s) =
Y (s)
U(s)

=
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s2 + 7s+ 12



ẋ = Ax+Bu

y = Cx+Du

T

x = Tz

z

ẋ = T ż = ATz +Bu

ż = T−1ATz + T−1Bu

y = CTz +Du

ż = Āz + B̄u

y = C̄z + D̄u

Ā = T−1AT B̄ = T−1B

C̄ = T−1C D̄ = D



︷ ︸︸ ︷
ẋ = Ax+Bu

y = Cx+Du
→ T →

︷ ︸︸ ︷
ż = Āz + B̄u

y = C̄z + D̄u

Ā =

⎡

⎢⎣
−a1 −a2 −a3

1 0 0

0 1 0

⎤

⎥⎦ B̄ =

⎛

⎜⎝
1

0

0

⎞

⎟⎠



ĀT−1 = T−1A

T−1 t1 t2 t3 Ā
⎡

⎢⎣
−a1 −a2 −a3

1 0 0

0 1 0

⎤

⎥⎦

⎡

⎢⎣
t1
t2
t3

⎤

⎥⎦ =

⎡

⎢⎣
t1A

t2A

t3A

⎤

⎥⎦

T t3

t2 = t3A

t1 = t2A = t3A
2



T−1B =

⎛

⎜⎝
t1B

t2B

t3B

⎞

⎟⎠ = B̄ =

⎛

⎜⎝
1

0

0

⎞

⎟⎠

t3

t2 = t3A

t1 = t3A
2

→
t3
[
B AB A2B

]

︸ ︷︷ ︸
C

=
(
0 0 1

)

t3 =
(
0 0 1

)
C−1



C =
[
B AB A2B . . . An−1B

]

tn =
[
0 0 . . . 1

]
C−1

T−1 =

⎡

⎢⎢⎢⎢⎣

tnA
n−1

tnA
n−2

tn

⎤

⎥⎥⎥⎥⎦

C





u = −Kx = −
[
K1 K2 . . . Kn

]

⎡

⎢⎢⎢⎢⎣

x1

x2

xn

⎤

⎥⎥⎥⎥⎦

ẋ = Ax+Bu

u = −Kx

C Y
u

n



s = s1, s2, . . . , sn

ẋ = Ax−BKx

det(sI − (A−BK)) = c(s;K) ← K

(s− s1)(s− s2) · · · (s− sn) = αc(s) ←

c(s;K) = αc(s) K



(
ẋ1

ẋ2

)
=

[
0 1

−ω2
0 0

](
x1

x2

)
+

[
0

1

]
u

−2ω0

0 1

αc(s) = (s+ 2ω0)
2 = s2 + 4ω0s+ 4ω2

0

c(s;K) = det(sI − (A−BK)) = det

{[
s 0

0 s

]
−
[

0 1

−ω2
0 0

]
+

[
0

1

] [
K1 K2

]}

= s2 +K2s+ ω2
0 +K1

K =
[
K1 K2

]
=
[
3ω2

0 4ω0

]



(
ẋ1

ẋ2

)
=

[
0 1

−ω2
0 0

](
x1

x2

)
+

[
0

1

]
u

−2ω0

0 1

αc(s) = (s+ 2ω0)
2 = s2 + 4ω0s+ 4ω2

0

c(s;K) = det(sI − (A−BK)) = det

{[
s 0

0 s

]
−
[

0 1

−ω2
0 0

]
+

[
0

1

] [
K1 K2

]}

= s2 +K2s+ ω2
0 +K1

K =
[
K1 K2

]
=
[
3ω2

0 4ω0
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A =

⎡

⎢⎢⎢⎢⎢⎢⎣

−a1 −a2 . . . . . . −an

1 0 . . . . . . 0

0 1 0 . . . 0

0

0 0 . . . 1 0

⎤

⎥⎥⎥⎥⎥⎥⎦
B =

⎡

⎢⎢⎢⎢⎢⎢⎣

1

0

0

0

⎤

⎥⎥⎥⎥⎥⎥⎦
K =

[
K1 K2 . . . Kn

]

A−BK =

⎡

⎢⎢⎢⎢⎢⎢⎣

−a1 −K1 −a2 −K2 . . . . . . −an −Kn

1 0 . . . . . . 0

0 1 0 . . . 0

0

0 0 . . . 1 0

⎤

⎥⎥⎥⎥⎥⎥⎦

c(s;K) = sn + (a1 +K1)s
n−1 + (a2 +K2)s

n−2 + · · ·+ (an +Kn)



c(s;K) = sn + (a1 +K1)s
n−1 + (a2 +K2)s

n−2 + · · ·+ (an +Kn)

αc(s) = sn + α1s
n−1 + α2s

n−2 + · · ·+ αn

K =
[
−a1 + α1 −a2 + α2 · · · −an + αn

]



{si} (A,B)

T (Ac, Bc)

Kc {si} (Ac, Bc)

K = KcT
−1

K (A,B)

ẋ = (A−BK)x α(s)

K =
[
0 0 . . . 1

]
C−1α(A)

α(A) A

α(A) = An + α1A
n−1 + α2A

n−2 + · · ·+ αn



{si} (A,B)

T (Ac, Bc)

Kc {si} (Ac, Bc)

K = KcT
−1

K (A,B)

ẋ = (A−BK)x α(s)

K =
[
0 0 . . . 1

]
C−1α(A)

α(A) A

α(A) = An + α1A
n−1 + α2A

n−2 + · · ·+ αn



−6 −5

ẋ =

[
1 1

1 2

]
x+

[
1

0

]
u

α(s) = (s+ 6)(s+ 5) = s2 + 11s+ 30

K =
[
0 1

]
C−1α(A)

=
[
0 1

] [
B AB

]−1
(A2 + 11A+ 30I)

=
[
0 1

] [1 1

0 1

]−1([
1 1

1 2

]2
+ 11

[
1 1

1 2

]
+ 30

[
1 0

0 1

])

=
[
14 57

]
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ẋ =

[
1 1

1 2

]
x+

[
1

0

]
u

α(s) = (s+ 6)(s+ 5) = s2 + 11s+ 30

K =
[
0 1

]
C−1α(A)

=
[
0 1

] [
B AB

]−1
(A2 + 11A+ 30I)

=
[
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] [1 1

0 1

]−1([
1 1

1 2

]2
+ 11

[
1 1

1 2

]
+ 30

[
1 0

0 1

])

=
[
14 57

]



u = −Kx

C





ẋ = −2x+ 2u

y = 3x

⇓

G(s) = C(sI −A)−1B

= 3(s+ 2)−12

=
6

s+ 2

ż =

[
−2 0

0 −1

]
z +

[
2

0

]
u

y =
[
3 2

]

⇓

G(s) = C(sI −A)−1B

=
[
3 2

]([s 0

0 s

]
−
[
−2 0

0 −1

])−1 [
2

0

]

=
[

3
s+2

2
s+1

] [2
0

]
=

6
s+ 2

z2
z2



x⋆ T > 0

u(t) 0 < t ≤ T x(0) = 0 x(T ) = x⋆

(A,B)

rank C = rank
[
B AB A2B . . . An−1B

]
= n

A ∈ Rn×n



(A,B) (Ā, B̄)

T

Cx =
[
B AB . . . An−1B

]

Cz =
[
B̄ ĀB̄ . . . Ān−1B̄

]

=
[
T−1B T−1ATT−1B . . . T−1An−1TT−1B

]

= T−1Cx

∴ Cz Cx



s2 + 2ζωns+ ω2
n

A =

[
−7 1

−12 0

]
B =

[
1

−z0

]

C =
[
1 0

]
D = 0

det(sI − (A−BK)) = s2 + (K1 −K2z0 + 7)s− 12K2 −K1z0 − 7K2z0 + 12

= s2 + 2ζωns+ ω2
n

K1 =
z0(14ζωn − 37− ω2

n) + 12(2ζωn − 7)
(z0 + 3)(z0 + 4)

K2 =
z0(7− 2ζωn) + 12− ω2

n

(z0 + 3)(z0 + 4)



ζ = 0.5 ωn = 2

K =
1

(z0 + 3)(z0 + 4)

[
−27z0 5z0 + 8

]

−10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0

101

102

103

104

z0

∥K
∥

s− z0
(s+ 4)(s+ 3)

→



pi

G(s) =
N(s)

(s− p1)(s− p2) . . . (s− pn)

=
r1

s− p1
+

r2
s− p2

+ · · ·+ rn
s− pn

X1

U(s)
=

r1
s− p1

→ ẋ1 = p1x1 + r1u

X2

U(s)
=

r2
s− p2

→ ẋ2 = p2x2 + r2u

Xn

U(s)
=

rn
s− pn

→ ẋn = pnxn + rnu

A



ẋ =

⎡

⎢⎢⎣

p1

pn

⎤

⎥⎥⎦x+

⎡

⎢⎢⎣

1

1

⎤

⎥⎥⎦u

y =
[
r1 . . . rn

]
x

U
1
s

2

−4

1
s

−1

−3

Y
ẋ1 x1

ẋ2 x2

G(s) =
s+ 2

s2 + 7s+ 12

=
2

s+ 4
+
−1
s+ 3

A =

[
−4 0

0 −3

]
B =

[
1

1

]

C =
[
2 −1

]
D = 0



ẋ = Ax+Bu

y = Cx

A = TΛT−1 A

x = Tz

ż = T−1ATz + T−1Bu = Λz + T−1Bu

y = CTz +Du

i T−1B i



A =

[
−7 1

−12 0

]
B =

[
1

3

]

C =
[
1 0

]
D = 0

A = T

[
−4 0

0 −3

]
T−1 T =

[
−0.3162 −0.2425
−0.9487 −0.9701

]

ż =

[
−4 0

0 −3

]
z +

[
−3.1623

0

]
u

y =
[
−0.3162 −0.2425

]
z

B z2



A =

[
−7 1

−12 0

]
B =

[
1

3

]

C =
[
1 0

]
D = 0

A = T

[
−4 0

0 −3

]
T−1 T =

[
−0.3162 −0.2425
−0.9487 −0.9701

]

ż =

[
−4 0

0 −3

]
z +

[
−3.1623

0

]
u

y =
[
−0.3162 −0.2425

]
z

B z2





(xss, uss)

0 = Axss +Buss ←

r = Cxss +Duss ←

u = uss −K(x− xss)

lim
t→∞

y(t) = r

u = uss −K(x− xss)

ẋ = Ax+Buss −BK(x− xss)

ẋ− ẋss = Ax+Buss −BK(x− xss)−Axss −Buss

d(x− xss)
dt

= (A−BK)(x− xss)

(A−BK) x

xss u uss



r

[
xss

uss

]
=

[
A B

C D

]−1 [
0

1

]
r =

[
Nx

Nu

]
r

u = uss −K(x− xss) = Nur −Kx+KNxr

= −Kx+ (Nu +KNx)r = −Kx+ N̄r

R Nu

−K

Y

Nx

x

+

+

− +

R N̄

−K

Y

x

+

+



−6 −5

ẋ =

[
1 1

1 2

]
x+

[
1

0

]
u

y =
[
1 0

]

K =
[
14 57

]

[
Nx

Nu

]
=

[
A B

C D

]−1 [
0

1

]
=

⎡

⎢⎣
1 1 1

1 2 0

1 0 0

⎤

⎥⎦

−1 ⎡

⎢⎣
0

0

1

⎤

⎥⎦ =

⎡

⎢⎣
1

−0.5
−0.5

⎤

⎥⎦

N̄ = (Nu +KNx) = −0.5 +
[
14 57

] [ 1

−0.5

]
= −15
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ẋ =

[
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]
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[
1

0

]
u

y =
[
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]

K =
[
14 57

]

[
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]
=

[
A B

C D

]−1 [
0

1

]
=

⎡

⎢⎣
1 1 1

1 2 0

1 0 0

⎤

⎥⎦

−1 ⎡

⎢⎣
0

0

1

⎤

⎥⎦ =

⎡

⎢⎣
1

−0.5
−0.5

⎤

⎥⎦

N̄ = (Nu +KNx) = −0.5 +
[
14 57

] [ 1

−0.5

]
= −15



u = −Kx+ N̄r = −
[
14 57

]
x− 15r
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0

2
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s2 + 2ζωns+ ω2
n

ωd 2× 3×



5% 10

A =

⎡

⎢⎢⎢⎢⎢⎣

0 2 0 0 0

−0.1 −0.35 0.1 0.1 0.75

0 0 0 2 0

0.4 0.4 −0.4 −1.4 0

0 −0.03 0 0 −1

⎤

⎥⎥⎥⎥⎥⎦
B =

⎡

⎢⎢⎢⎢⎢⎣

0

0

0

0

1

⎤

⎥⎥⎥⎥⎥⎦



5% 4

5%

P.O. := Mp × 100% = 100e−ζπ/
√

1−ζ2

ζ ≥ − lnMp√
ln(Mp)2 + π2

= 0.69

ζ = 0.7

10

δ = 1%

Ts =
− log δ
ζωn

=
4.6
ζωn

=
4.6
σ

10 ≥ 4.6
ζωn

ωn ≥
4.6
10

1
0.7

= 0.66

ωn = 0.7



ωn = 0.7

4×

P = ωn

[
−ζ + i

√
1− ζ2 −ζ − i

√
1− ζ2 −4 −4 −4

]

= 0.7
[
−0.707 + i0.707 −0.707− i0.707 −4 −4 −4

]
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θn(s) =
n∑

k=0

aks
k

ak =
(2n− k)!

2n−kk!(n− k)!
k = 0, 1, . . . , n

n = 1 θ1(s) = s+ 1

n = 2 θ2(s) = s2 + 3s+ 3

n = 3 θ3(s) = s3 + 6s2 + 15s+ 15

n = 4 θ4(s) = s4 + 10s3 + 45s2 + 105s+ 105

n = 5 θ5(s) = s5 + 15s4 + 105s3 + 420s2 + 945s+ 945



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

1.2

10th

y



5% 10

A =

⎡

⎢⎢⎢⎢⎢⎣

0 2 0 0 0

−0.1 −0.35 0.1 0.1 0.75

0 0 0 2 0

0.4 0.4 −0.4 −1.4 0

0 −0.03 0 0 −1

⎤

⎥⎥⎥⎥⎥⎦
B =

⎡

⎢⎢⎢⎢⎢⎣

0

0

0

0

1

⎤

⎥⎥⎥⎥⎥⎦

P =
[
−0.5906 + 0.9072i −0.5906− 0.9072i −0.8516 + 0.4427i −0.8516− 0.4427i −0.9264

]

P/Ts = P/10

K =
[
0.1571 0.2234 −0.0434 0.0345 −0.1912

]
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